In this paper we consider the maximal volume and the action, which are conjectured to be gravity duals of the complexity, in the black hole geometries with end of the world branes. These geometries are duals of boundary states in CFTs which have small real space entanglement. When we raise the black hole temperature while keeping the cutoff radius, black hole horizons or end of the world branes come in contact with the cutoff surface. In this limit, holographic entanglement entropy reduces to 0. We studied the behavior of the volume and the action. We found that the volume reduces to 0 in this limit. The behavior of the action depends on their regularization. We study the implication of these results to the reference state of the holographic complexity both in the complexity = volume or the complexity = action conjectures.
The holographic entanglement entropy formula [4, 5] relates entanglement entropy in conformal field theories(CFTs) to bulk minimal (extremal) codimension 2 surfaces in gravity. These relations leads to the understanding that the bulk geometry appears from the boundary entanglement [6, 7] .
We can probe the black hole interiors by entanglement entropy but that saturates at finite time in finite entropy systems [8] . On the other hand, black hole interiors expand beyond this saturation time. The codimension 1 maximal volume that ends on the asymptotic boundary can detect the growth of interiors after the saturation of entanglement [9] . There are now conjectured to be dual of complexity in dual conformal field theories [9, 10] . Through the hard wall approximation of interface solutions, it is also argued that the maximal volume is the gravity dual of quantum information metric [11] . The on shell action evaluated on so called Wheeler de Witt (WdW) patch also shows the same behavior at late time, and they are also conjectured to be a dual of complexity in CFTs [12, 13] . Based on tensor network consideration, it is also argued that the Liouville action corresponds to the path integral complexity [14, 15, 16, 17] , which represents redundancy to prepare states through the Euclidean path integral. Recently, the connection of the gravity action and quantum circuits based on path integrals are proposed [18] .
The complexity of states is defined by the number of elementary gates applied to a reference state [19] . This means that we need to specify the "reference state" and "gate set" to define the complexity, and complexity depend on the choice of them. Holographic formula, on the other hand, gives a way to evaluate complexity using geometric quantities in AdS. This means that the holographic formula choose one particular reference state and a gate set. Therefore, in principle, we can specify the reference state and gate set from dual "definition" of complexity from gravity side. Here we focus on the reference state. The natural candidate of reference state is a product state, which have no real space entanglement [9] . Therefore, to test the reference state from gravity calculation, the key point is how to realize such a small entanglement state in holographic setup. In CFT, there are states with small real space entanglement. They are called as boundary states [20, 21] . This is a state that represents the existence of boundary which keeps the half of conformal symmetry. These states have small entanglement and used to cut UV entanglement [22, 23] near the entangling surface, to express a projection operation in CFTs [24, 25] or to describe approximately the ground states of gapped Hamiltonians [26, 27] . Recently is is also argued that boundary CFTs are used to construct an analog of qubits in CFTs [28] . These boundary conditions have rich structures and especially the dual geometries highly depend on the choice of boundary conditions. There is a holographic model that is called as AdS/BCFT correspondence proposed by Takayanagi [29] and explored further in [30] . In this proposal, we assume that the effects of the boundaries in CFT side are expressed as end of the world (ETW) branes in gravity side. In this paper, we consider both of the complexity=volume and the complexity = action conjecture in AdS 3 /BCFT 2 context where BCFTs have spacelike boundaries. The volume and the action with in AdS/BCFT are also studied in [31] where BCFTs have timelike boundaries.
An important point is that product states are actually not in a Hilbert space of any relativistic QFT [32] . Reflecting this fact, the norms of boundary states are infinite. In gravity side, the change of UV entanglement breaks the asymptotic AdS boundary condition. This is related to the fact that the identity operator is not in a trace class in QFTs. The identity operator is the infinite temperature limit of the Gibbs ensembles and it is singular both in field theory and in gravity. In this paper, we consider the AdS/CFT correspondence with cutoff [33] . By UV/IR relation, this cutoff is a suitable UV cutoff in CFT and an IR cut off in gravity. The area of the cutoff surface in gravity is interpreted as the quantum information which we have in CFT with the suitable UV regularization. The prescription to calculate holographic entanglement entropy ending on a generic bulk surface are considered in [34] . We consider the limit that the horizon or the ETW brane meet with the cutoff surface. Such a limit is sometimes considered [35, 36, 37, 38] . This limit is considered in [35] for Euclidean black holes to argue that boundary states correspond to trivial spacetimes. In this limit, there are no spacetime within the cutoff surface and holographic entanglement entropy reduces to 0. In this paper, we consider this limit in Lorentzian signature and consider the volume and the WdW patch action in this limit.
The result is as follows: 1. In the complexity=volume case, if there are no entanglement, the states have 0 complexity. This suggests that the reference state of complexity for CV case is product states. 2. In the complexity=action case, the result depends on how to regularize the Wheeler de Witt patch action. We consider two regularizations that are considered in the literature. When we choose the Wheeler de Witt patch that ends on the AdS boundary and then introduce a cutoff, we obtain a UV divergence for product state limits. On the other hand, when we consider the Wheeler de Witt patch that ends on the cutoff surface, then complexity reduces to 0 for product state limits. These are not affected by the choice of the affine parametrization ambiguity of joint terms [39, 40] or length scale of counter terms [39, 41, 42] .
The organization of this paper is as follows. In section 2, we review the property of correlation function and entanglement in boundary states. Then, we review the basic aspects of AdS/BCFT and see the structure of spacetime. In section 3, we study the volume and the action on the eternal black holes. We also study study them in the AdS/BCFT setup with tensionless ETW branes, which are obtained by the orbifold of the eternal black holes. We study the behavior of the volume and the action in the limit that the horizon radius becomes the same with the cutoff radius where holographic entanglement entropy reduces to 0. In section 4, we study the volume and the action in the AdS/BCFT setup with nonzero tension ETW branes. For positive tension case, we consider the limit that the radius of black hole horizon becomes the same with the cutoff radius where only the geometry behind the horizon remains. For the geometry with negative tension ETW branes, we consider the limit where the ETW brane contacts with the cutoff surface at t = 0 where holographic entanglement entropy reduces to 0.
2 Entanglement structure of boundary states
single sided CFT case
In this section we study the real space correlation in boundary states |B in conformal field theories. More details are discussed in [35] [43] . Because boundary states have infinite norms, we consider the regularized version of boundary states |ψ = e −δ·H |B for a smearing parameter δ and take it to be cutoff scale of the CFT.
Let us consider a two point function of two local operators:
This correlation function is evaluated on the infinite strip [−δ, δ] × R where the Euclidean time τ runs from −δ to δ and we use z as a coordinate for this strip. Operators are located on the reflection symmetric line τ = 0. Using conformal mapping w = e π 2δ
z , the strip geometry is mapped to the upper half plane (UHP). The cross ratio x on the UHP becomes
Therefore, when |x 1 − x 2 | δ, the cross ratio becomes x ≈ 0. This means that two point functions factorize to the products of one point functions:
and they do not depend on the separation of them. This implies that there are no real space correlation in boundary states. We can also estimate the real space correlation by entanglement entropy. We consider the entanglement of an infinite interval. Then, this reduces to the one point function of the twist operator:
Therefore, entanglement entropy becomes
Here c 1 is a non universal constant which does not depend on the choice of boundary states and related toc 1 byc 1 = c 1 /2 + log g [44] . This log g is so called boundary entropy and g is the disk amplitude g = 0|B [45] . Note that this expression can be trusted only when δ . Therefore, we can not trust the expression (2.5). Nevertheless, we can estimate the nonexistence of logarithmic divergent term in (2.5) when we take δ ∼ .
Let us consider qubit (or spin) systems with H tot = H ⊗n where H is spanned by |0 and |1 . An example of product states |ψ 0 ∈ H tot is given by
The important feature of this state is that two point functions are factorized to the products of one point functions because there is no entanglement:
where the lavel i, j is a lavel of cites on which qubits are located. This is a same property which is satisfied in boundary state in (2.3). Therefore, we can see a boundary state as a CFT representation of a product state.
two sided CFT case
In two sided systems with maximal horizontal entanglement, the analog of product states is one with no vertical entanglement [9] . In qubit systems, this is a product of n EPR pairs each of which is shared between the two sides:
We see that the properties of Bell pairs are satisfied by the following thermofield double state:
where we take δ to be a cutoff scale . Fist, the two point functions of two left (right) operators in EPR pairs factorizes to a product of one point functions:
. In CFTs, we obtain 11) which means that the two point function factorizes to the product of one point functions 1 . Next, if we consider the two point functions of left and right operators, that have non zero correlation only when they are located on the same point:
The two sided correlator in CFTs is
. (2.13)
1 In conformal field theories on S 1 × R, one point functions vanish.
Again we can confirm that the behavior is resemble to that of EPR pairs. Entanglement Renyi entropy is given by
and entanglement entropy becomes
This is essentially the twice of the boundary state entanglement entropy (2.5). When we take δ to be the cutoff scale , the logarithmic divergent disappears. This suggests that the thermo field double states (2.9) share the same properties with the EPR pairs in qubits systems.
Holographic dual of EPR pairs
We start from the dual of maximally entangled states without vertical entanglement, which are simpler than boundary states. The dual of
is given by the eternal AdS black holes [46] . The gravity dual of local EPR pairs are also given in [25] . The exterior coordinate of the BTZ black hole is given by 16) where l AdS is the AdS radius and r H is the horizon radius. φ is related to the boundary space coordinate x via φ = x/l AdS . The black hole temperature is given by β = 2πl 2 AdS /r H . The relation with CFT cutoff is determined as follows. First, when we take r r H , the metric takes the following form approximately:
Then, when we take z = l 2 AdS /r, we obtain the usual Poincare patch metric:
Therefore, the cutoff scale is given by z = z 0 = . In the original coordinate, the cutoff is r 0 = l 2 AdS / . The above is applicable only for r 0 r H . When we take the temperature to be a cutoff scale, we assume that we can trust this expression r 0 = l 2 AdS / and take the limit r H → 2π/ that corresponds to r H → r 0 2 . In other word, we identify putting entanglement entropy in the thermo field double states ( or boundary states) to 0 in CFT and putting cutoff on horizon in gravity:
Actually, we can confirm that there are no holographic entanglement entropy in this limit. Entanglement entropy for EPR pairs(thermofield double states) of the half line A : x > 0 for both copies of the CFT can be calculated by holographically [4] , 20) which becomes 0 in r H → r 0 limit 3 . This suggest that we can identify both limit in (2.19) . We can say that the trivial space is associated to the EPR pairs without vertical entanglement at t = 0, which is argued in [35] . After the time evolution, entanglement are generated and they create the interior of the black holes.
Holographic dual of Boundary states
In this subsection we consider the holographic dual of (regularized) boundary states e −δ·H |B . We assume the AdS/BCFT setup [29] [30] . Dual geometry is given by black holes with endof-the-world (ETW) brane [8] [47] . After reviewing the basics AdS/BCFT prescription, we explain the geometry with cutoff scale temperature.
The action for holographic model of BCFT is given as follows:
We impose the Neumann condition on the brane. The equation of motion on the end-of-the world (ETW) brane is given by
We can think of this equation as the junction condition [48] with nothing. By taking the trace, we obtain
The trajectory of the ETW brane in left outside region is given by
The induced metric on the ETW brane is
The left picture is the configuration of the ETW brane with positive tension. The middle picture is the configuration of the tensionless ETW brane, which is obtained as the orbifold of eternal black holes. The right picture is the configuration of the ETW brane with negative tension
The configurations of the ETW branes are depicted in Figure 1 .
Here we argue that in this case the relation c 3 log 4δ π → 0 ↔ r H → r 0 also holds. First, we calculate holographic entanglement entropy [4, 5] for a half interval in BTZ black strings with ETW branes. Holographic entanglement entropy at t = 0 is calculated by the length of the geodesics on t = 0 slice that starts from the cutoff surface and end on the ETW brane [29, 30] 4 . The answer is
where
. The second contribution in this expression of holographic entanglement entropy is exactly equal to the boundary entropy log g obtained from the holographic disk partition function in AdS/BCFT setup [29] [30] when we take the limit r H → r 0 . Therefore, this is equivalent to putting c 3 log 4δ π + c 1 = 0 in (2.5) Let us keep r H to be different from r 0 but to be the same order i.e. to keep the ratio r H /r 0 to be finite. Then (2.26) does not have UV divergence but becomes finite. This corresponds to the fact that the log δ term in (2.5) is finite when we take δ to be a cutoff scale . This is not true for the volume or the action case as we will see in later chapters.
Now, boundary states with UV reguralization have finite entanglement entropy after removing the logarithmic term and non universal constant term c 1 . This finite entanglement builds new region that is a part of the right side of the black hole according to the relation of entanglement and bulk geometry [7] . It is interesting that the entanglement in boundary state create the region that are not causally connected to the cutoff surface, which will be related to entanglement wedge reconstruction [49] .
Holographic entanglement entropy for an interval with length x is also easily computed. There are two configurations for geodesics. The first configuration is two disconnected geodesics that end on the ETW brane. For this case, holographic entanglement entropy is given by
The second configuration is the connected geodesics. For this case, holographic entanglement entropy is given by
The value of holographic entanglement entropy is given by the minimal one of
In r H → r 0 limit, we obtain
When we take T = 0, this geometry is the one that is obtained in [8] 5 . In this case ETW brane is obtained as the fixed point of orbifold of the original eternal black hole. There are no entanglement in the leading of 1/N expansion at t = 0 when we take r H → r 0 limit. Therefore, we can think of them as a holographic realization of product states.
When T < 0, the configuration of ETW brane is again given by
but now the ETW brane is located on the left side in which they are causally connected to the asymptotic boundary. In this T < 0 case, the boundary entropy becomes negative. From the view of entanglement/geometry connection, negative boundary entropy eliminate a part of geometry from the original left asymptotic region and also from the inside of black holes. This configuration can be seen as a model of gravitational collapse. Initially the shell represented by the ETW brane is located on the r =
surface. The radius of the ETW brane shrinks along the trajectory (2.31) and finally makes a black hole.
In negative tension case we can not pull the horizon to the cutoff surface. Because the maximal radius of the ETW brane on the right outside region is r =
, the maximal horizon radius is r H = 1 − (T l AdS ) 2 r 0 , which is smaller than the cutoff radius r 0 . In this limit r H → 1 − (T l AdS ) 2 r 0 the ETW brane comes in contact with the cutoff surface at t = 0. There are no holographic entanglement and product states are realized in the dual CFT with a suitable UV cutoff.
Volume and Action for duals of local EPR pairs
Before going to study the complexity for holographic duals of boundary states, we study holographic complexities for two sided black holes, which are dual to maximal entanglement without vertical entanglement. The results are applicable to single sided case with tensionless ETW brane because geometric quantities are essentially given by the half of those of eternal black holes. We concentrate on the calculation at t = 0.
Volume cases
The complexity = volume conjecture suggests the following correspondence:
where V is the maximal volume that end on the time slice of AdS boundary where CFT states are defined. A useful coordinate for the calculation of volumes is the following one:
where l AdS is the AdS radius and r H is the horizon radius. φ is related to the boundary space coordinate x via φ = x/l AdS . We use L to represent the period of x direction dx, which is the 1 dimensional volume of space direction that the boundary theory lives in. The black hole temperature is given by δ = 2πl 2 AdS /r H , which is identified with the smearing parameter of the thermo field double state(2.9) in CFT side.
It is easy to evaluate the volume at t = 0 in this coordinate. The answer is
and the holographic complexity defined by the volume is
where we used Brown-Henneaux central charge c = 3l AdS 2G N [52] . We can see that C V vanishes when we take δ = π /2 i.e. r H → r 0 limit.
When we consider single sided case, the volume is given by the half of (3.3), that becomes again 0 in r H → r 0 limit. This shows that the holographic complexity vanishes for a state without entanglement.
In the volume case, when we take r H to be a cutoff scale r 0 but to be different from r 0 , the volume (3.4) is UV divergent. This is different from entanglement cases (2.5) and (2.26), where they are finite in this parameter regime.
Action cases
The complexity= action conjecture proposes the following correspondence [12] [13]:
where A W dW is the value of on shell action S W dW evaluated on so called Wheeler de Witt (WdW) patch. Here, the action functional on WdW patch is defined by
where first two terms are usual Einstein-Hilbert action and Gibbons-Hawking term [53] for boundaries which are spacelike or timelike. On the other hand, S null bdy is the action for null boundaries and given by
where κ satisfies k β ∇ β k α = κk α for a null generator k α on the null surfaces, λ is a parameter on the null generator k α , and θ
is constant on each null generator. This term can be set to 0 by taking the affine parametrization on the null boundary. In this paper we use affine parametrization on the boundary and set this term to be 0. S joint are terms that comes from the joints of boundaries [39] and take the form of
where a is given by the logarithm of the inner products of normal vectors of jointing surfaces when one of them is null. This term is ambiguous under the rescaling of affine parametrization. There is also a counter term [39] [41] [42] on the null boundary
where Θ = ∂ λ log √ γ. If we include this counter terms, they eliminate the affine parametrization dependence of S joint .
To evaluate the action, the following Kruscal metric is useful:
In this coordinate, uv = −1 corresponds to the boundary and uv = 1 is the singularity of BTZ black hole. On the other hand, uv = 0 is the black hole horizon and u = v = 0 is the bifurcation surface. The right out side region is given by v > 0, u < 0.
The on-shell value of Einstein-Hilbert term is evaluated as
Therefore it reduces to the spacetime volume of the WdW patch. Especially, when we consider BTZ black holes (d = 3), this becomes
Note that the bulk contribution is always negative, because the space time volume is always positive. It should be noted that the regularization of the action on Wheeler de Witt patch is not unique [40] . In this paper we consider two type of regularization that are considered in [40] . The first one is the WdW patch that ends on the cutoff surface. The second regularization is the WdW patch that ends on the asymptotic AdS boundary and then introduce a cutoff surface. They are shown in fig. 2. 
Regularization 1
In this case, there are no boundary which is timelike or spacelike. Therefore, we only need to calculate the Einstein-Hilbert term, the joint term and the counter term action. The WdW patch with cutoff surface is given by the following region: The Einstein-Hilbert term contribution is
The joint term contribution is where α,α is the normalization of affine null normals on each null surface. The counter term contribution is 16) where l ct is a dimensionful parameter that is needed to introduce the counter term [39, 41, 42] . Therefore, holographic complexity for the action is
This becomes 0 when we take r H → r 0 limit. Note that this results does not depend on the choice of l ct .
We can also consider the action without the counter term, which now depends on the choice of the affine parametrization on the null boundaries:
This also becomes 0 when we take r H → r 0 limit. This is because the contribution from S bulk , S joint and S ct independently reduce to 0. Therefore, even when we omit the counter term, this result does not depend on the choice of the affine parametrization on the null boundaries. These facts suggest that the reference state of complexity is chosen to a product state in this regularization of WdW patch.
Regularization 2
Next we consider the second regularization, in which the WdW patch end on the asymptotic boundary and then cutoff surfaces are introduced on r = r 0 . The WdW patch are given by the region −1 ≤ u, v ≤ 1 which also satisfy r ≤ r 0 . In this regularization, the cutoff surface is a timelike boudnary. Therefore, we also need to compute the contribution from the Gibbons Hawking term. The Einstein Hilbert term contribution is
18) The Gibbons-Hawking term contribution is
The contribution from joint term is
The the counter term contribution is
Therefore, complexity becomes
In r H → r 0 limit, the complexity takes a simple form:
If we do not include the counter term, we obtain
which is 1 log 1 divergent behavior that found earlier in the regularization without counter terms [40] . In this regularization of WdW patch complexity have UV divergence for (EPR) pairs with vertical entanglement.
Volume and action for T = 0 boundary states
The solution with ETW branes for T = 0 (tensionless) is obtained by the Z 2 orbifold of eternal black holes. Correspondingly, the volume and action is obtained by the half of the results for eternal black holes. Here we summarize the results for tensionless boundary states case. The volume becomes the half of (3.4):
The action with regularization 1, in which the WdW patch ends on the cutoff surface, is the half of (3.17):
The action with regularization 2, in which the WdW patch ends on the cutoff surface, is the half of
r H → r 0 limit behaviors are also the same. In this limit, the volume and the action with regularization 1 reduces to 0. On the other hand, the action with regularization 2 becomes
We will confirm this in the next section by taking the tensionless limit of general results for non zero tension cases.
Volume and Action for Boundary state with nonzero boundary entropy
In this section we consider holographic dual of boundary state with non-zero boundary entropy. As is the case with the thermofield double state, we have the Hawking-Page transition [54] in AdS/BCFT setup [29] [30] when we vary the black hole radius. Because we are interested in the high temperature limit, we only consider the black hole phases.
Volume cases
In this subsection, we consider the CV conjecture. The volume is given by that of the t = 0 codimension 1 slice that start from the cutoff surface and end on the ETW brane. As is the case with holographic entanglement entropy, we can separate the volume to two part. The first one is the volume of the t = 0 slice that starts from the cutoff surface and end on the bifurcation surface. This contribution is given by
The second one starts from the bifurcation surface and end on the ETW brane. This is given by
Therefore, the total holographic complexity for the volume is given by
where we translate the result using CFT quantities. This is one of the main results in this paper. It is interesting to note that (4.2) gives a temperature dependent contribution to complexity, though the contribution behind the horizon is finite for entanglement entropy. In T > 0 case, by taking r H → r 0 limit, we obtain
This is volume law divergent. In T < 0 case, when r H = 1 − (T l AdS ) 2 r 0 the horizon comes in contact with the cutoff surface and entanglement entropy vanishes. In this limit, the complexity becomes
Therefore, even in this case complexity becomes 0 when entanglement entropy reduces to 0.
Action cases
In the complexity equals action case, we consider the two ways of regularization of Wheeler de Witt patch, as noted in the section 3.
Regularization 1
In this case, the configuration of the WdW patch depends on the horizon radius. When r H > T l AdS r 0 , the null boundaries end on the black hole singularities. This is always satisfied for negative tension case. On the other hand, when r H < T l AdS r 0 the null boundaries end on the ETW branes. Here we consider both cases. First we consider the case that r H > T l AdS r 0 . The Einstein-Hilbert term contribution becomes
. (4.6)
The Gibbons-Hawking term contribution becomes
. The joint term contribution becomes
The counter term contribution becomes
Therefore, the complexity becomes
(for r 0 < T l AdS r H ). (4.10)
The Einstein-Hilbert term and the Gibbons-Hawking term contributions are cancelled with parts of the counter term contribution and finally joint term and counter term contributions remain finally.
Next we consider the r H < T l AdS r 0 case. In this case, the Einstein Hilbert term contribution is
The Gibbons-Hawking term contribution is
The joint term contribution is
The counter term contribution is
(4.10) and (4.15) are one of main results in this paper. Note that when T = 0, (4.10) reduces to the half of the results in eternal black holes (3.17) . Because the tension dependent term have a minus sign, they contribute negatively. This is different behavior from the volume case (4.3), in which the contribution from the tension dependent term is positive for positive tension T > 0. A relative sign of additional term compared to the volume can be observed in [55] , in which the geometry behind the horizon at t = 0 is given by the higher genus surface.
When we take the horizon radius r H to be the cutoff radius r 0 , almost all contributions cancel and we obtain a simple expression:
This is the value of action behind the horizon. Note that this expression does not depend on the choice of counter term scale l ct . This is because the counter term integral on horizon vanishes. This also means that even we omit the counter term, the result does not depend on the choice of the affine parametrization on each null boundary.
When r H = r 0 1 − (T l AdS ) 2 , the cutoff surface r = r 0 contacts with the ETW brane in Euclidean signature and in Lorentzian signature for negative tension ETW branes. In this case, complexity reduces to
where sgn(T ) is the sign of the ETW brane tension T . Especially for T < 0 this vanishes. This is because there are no spacetime within the Wheeler de Witt patch. Both of entanglement entropy (2.26) and the complexity reduce to 0 in this limit.
Regularization 2
In this case, the result depend on the sign of tension of ETW brane. When T > 0, the null boundaries end on the black holes singularities. On the other hand, T < 0 case the null boundaries end on the ETW branes. First we consider the T > 0 case. the Einstein-Hilbert term contribution is
When we take T → 0, this reduces to the result of tensionless case (3.27) . In r H → r 0 limit, this reduces to
Note that this is proportional to r 0 and UV divergent. The tension dependent term contributes negatively, and arctanh(T l AdS ) can be arbitrarily large. If T < 0, the null boundaries end on the ETW brane. Then, the Einstein-Hilbert term contribution is
The counter term term contribution is
Therefore, the complexity is given by
When r H = r 0 1 − (T l AdS ) 2 , the cutoff surface comes in contact with the ETW brane at t = 0. In this limit, the complexity becomes
In this regularization, even in r H = r 0 1 − (T l AdS ) 2 limit the complexity does not reduces to 0 though entanglement entropy (2.26) reduces to 0. This is because in this regularization the WdW patch does not vanish as is the case with the T = 0 result(3.27). We found that in T → 0 limit reduces to the T = 0 results (3.28).
Conclusion and Discussion
In this paper we studied the volume and the action, which are conjectured to be duals of the complexity in CFTs, both in eternal black holes and pure state black holes in AdS 3 /BCFT 2 setup proposed in [29] [30] . In this setup, the geometry have end of the world (ETW) branes which have tension T . We studied the tension dependence of the volume and the WdW action for t = 0 carefully. When the horizon radius r H and cutoff radius r 0 satisfy r H = r 0 1 − (T l AdS ) 2 , the ETW brane comes in contact with the cutoff surface for negative tension in Lorentzian signature and for both sign of tension in Euclidean signature. If tension is positive, the horizon contacts to the cutoff surface when r H = r 0 . We studied the behavior of the volume and the action in these limits. We found that the volume increases when tension is positive (T > 0) and decreases when tension is negative (T < 0). When the ETW brane comes in contact with the cutoff surface, volume reduces to 0. Because entanglement entropy also reduces to 0 in this limit, a CFT dual of the volume becomes 0 on product states. Through the complexity = volume conjecture [9] [10], this suggests that a reference state of the complexity is a product state.
The Wheeler de Witt patch can be regularized in different ways. We studied two regularizations that are proposed in [40] . For both cases, we give the analytic form of total action at t = 0. In the first regularization, in which the WdW patch ends on the cutoff surface, the total action vanishes when the horizon or the ETW brane contact with the cutoff surface. Through the complexity=action conjecture [12] [13] , this suggests that the reference state of complexity is a product state because entanglement entropy also reduces to 0, which means the state is a product state. This 0 complexity are achieved in the geometry with T = 0 ETW branes, which have a string/M theory realization [51] . In the second regularization, in which the WdW patch ends on the asymptotic AdS boundary and then cutoff surface are introduced, the total action does not vanish even when the ETW brane or the black hole horizon contact with the cutoff surface but have UV divergence. This is because the WdW patch does not vanish in this limit. In this regularization, the reference state are taken to be a different state from the states that we studied. It is an interesting future work to study which states leads to 0 complexity in this regularization. We expect that our method to study a product state limit in gravity side will be useful to study other geometric quantities which are duals of information theoretic quantities in CFTs.
There are several future problems. In this paper, we only consider the volume and the action at t = 0. The time dependence of the volume and the action with the regularization in which the WdW patch end on the asymptotic AdS boundary, this is done in [56] . The time dependence with finite cutoff is also studied in [57] . Because we only see the leading of 1/N expansion, it is interesting to study the subleading term, which is quantum correction in gravity, for both in holographic entanglement entropy and holographic complexity. It is interesting to study the time dependence of the volume and action for boundary states in the limit that the ETW brane or the black horizon contact with the cutoff surface. Another interesting problem is the complexity for boundary states in Nearly AdS 2 /Nearly CFT 1 setup. In [58] , boundary states for the SYK model are proposed. 2d dilaton gravity solutions which share similar properties with SYK boundary states are also considered. It is interesting future problem to study the complexity in this setup.
Note added:
When this paper was in the final stage, the paper [56] appeared on the arXiv, in which they also computed the volume and the action in the AdS/BCFT setup. The paper [57] also appeared on the arXiv, in which they argue the effect of cutoff on the time evolution of the complexity.
A highest weight state of the Virasoro algebra is denoted as |h L for left-moving sector and |h R for right-moving sector. The vector |h,h = |h L ⊗ |h R in the full Hilbert space is called as a primary state and that satisfies
The descendant states are constructed as .6) and similarly for right-moving sector. Then, we can choose an orthonormal basis | k, h L , where k = (k 1 , k 2 , · · · ) is an infinite dimensional vector and all components satisfy k i ∈ Z + . The Hilbert space spanned by these vectors is denoted as H h for left-moving modes and similarlyHh. The full Hilbert space is given by H = h,h M h,h H h ⊗Hh. The matrix M h,h is chosen to satisfy the modular invariance on a torus. When M h,h = δ h,h , this model is called as a diagonal model. In this paper we focus on these cases.
A.2 construction of boundary states
Let us consider a semi infinite cylinder which is a simple example of manifolds with boundaries. For simplicity, we only consider diagonal modular invariant models. This cylinder can be conformally mapped to a disk. In the open string picture, we think that this boundary is located on a space and the boundary is static (in Euclidean signature). The Hilbert space is defined on a half line with the boundary in this picture. In closed string picture, we think that this boundary suddenly appears in (Euclidean) time. The Hilbert space is defined on a circle in this picture, so there are no change in the Hilbert space. The existence of boundary is expressed as a state in the closed string picture. This is so called a boundary state. We keep the half of the conformal symmetry. This condition is expressed as
By applying the contour integral |z|=1 , we obtain
In each sector, we can find a simple algebraic solution of (A.8): 
where n h α,β is a non negative integer and χ h (q) is a character for the sector h. Open-closed duality says that this partition function should be related to the amplitude in boundary states via the modular transformation. This condition is written as
where S h h is the modular S matrix and tl = π. This gives constraint on the coefficient B α h and the solutions give the physical boundary conditions. Solving these constraints is a hard problem. In rational CFTs, we can derive the solutions using the modular S matrices. We can also solve this modular bootstrap problem in Liouville field theory. The AdS/BCFT setup, on the other hand, satisfies two conditions and they give physical (Cardy) boundary states holographically.
B Coordinates in AdS 3
In this appendix we summarize the coordinates of AdS 3 and BTZ black holes. The embedding space of AdS 3 is given by
and metric is induced from
A coordinate that covers the global AdS 3 is
3)
The metric for this global coordinate is given by
By changing the coordinate cosh χ = 1/ cos θ(sinh χ = tan θ), we obtain the metric that is manifestly conformally equivalent to the Einstein static universe:
The end point of ETW brane Q on AdS boundary M is exactly the same with the location of boundary in CFT. The general action for this holographic setup is
(C.1) The last two terms are new terms in this setup.
As usual, we impose Dirichlet boundary condition on the asymptotic boundary M . On the other hand, we impose Neumann boundary condition on the ETW brane Q. This can be seen as a natural extension of a system with gravity and point particles which are dynamical and backreact to gravity. Here the ETW brane is dynamical and can backreacts to gravity. Now, the well defined variational principle impose the following boundary equation of motion:
where we defined the boundary matter stress energy tensor . In other word, we consider the situation that the ETW brane has only tension T . Now, the boundary equation of motion (C.2) becomes
The trace of this gives
T . In poincare coordinate, we can give a simple solution of this equation. To realize the symmetry of BCFT, we put thef following ansatz 6 :
If we assume that −∞ < ρ < ∞, then the above metric is equivalent to the AdS d+1 metric. This can be confirmed by putting ds
, ( w ∈ R d−2 ) and doing the coordinate transformation from (ρ, y) to (z, x 1 ) which is given by
we obtain the AdS d+1 metric in Poincare coordinate:
6 By using conformal symmetry of BCFT, we can determine the metric up to the following form
, where A(ρ) is a function of ρ. In other words, the warp factor which depend on A(ρ) is not determined by the isometry SO(d − 1, 2) that corresponds to the conformal symmetry of BCFT.
This can be written as
(C.14)
The derivative becomes
The induced metric on the ETW brane is given by 
D detail of computation of the action
In this section, we show some detail calculations of the action for the regularization 2 case where the WdW patch ends on the cutoff surface.. It is convenient to divide the regions as in the Figure5. The left picture is the configuration for regularization 1 with positive tension ETW branes for r H > T l AdS r 0 . The calculation for this configuration is also applicable for negative tension cases. The right picture is the configuration for regularization 1 with positive tension ETW branes for r H < T l AdS r 0 . If we decrease the temperature further, we will see the Hawking-Page transition.
D.1 Einstein Hilbert term and Gibbons Hawking term
We first consider the interior contribution. The contribution from the left region is The contribution from boundary 1 is
The contribution from the region 2 and 3 is
The contribution from the boundary 2 and 3 is 
D.2 Joint terms with Null surfaces
Joint terms are given by
where A is given by A 12 = log | where u(v) is the one given in C.14. Here we put r(u, v 0 ) = r H 1−uv 0 1+uv 0 in the third line and u 1 , u 2 are u coordinate of two end points. The second term contains the logarithm of normalization α and this cancels the affine parametrization dependence of joint terms. From this expression, it is easy to see that the counter term contribution vanishes on the horizon because on the horizon r(u, v 0 ) = r H and total contribution vanishes.
